ABSTRACT Due to time and cost limitations, multi-stress accelerated life tests (ALTs) have been gradually applied in the fields of experimental design and reliability estimation for highly reliable and long-life products. To develop more efficient and concise test plans, it is necessary to study an equivalent experimental design method to create an equivalent conversion approach for different ALT plans. This paper presents the equivalent optimum design method combined with D-efficiency and asymptotic variance. In this method, the Fisher information matrix determinant is proposed as the equivalent feature variable. D-efficiency is a new equivalent criterion applied in the ALT design method and is measured using the ratio of Fisher information matrix determinants. The objective is to minimize the test time at a given efficiency and under asymptotic variance constraints without loss of test estimation accuracy. Based on the proposed equivalent method, a constant-stress ALT plan was successfully converted into its equivalent step-stress or ramp-stress ALT plan. Finally, an example is presented to demonstrate the equivalent ALT design of an electrical product with two stresses. The constant-stress ALT is equivalently designed for the ramp-stress ALT plan, and the sensitivity of the D-efficiency is analyzed. The results show that the proposed equivalent test scheme can shorten test time while achieving the same estimation accuracy.
I. INTRODUCTION
The accelerated life test (ALT) was introduced to solve the challenging problem of obtaining failure-time data for test units with high reliability and long-life products, such as high-speed rail equipment, avionics, nuclear power equipment and household appliances. These products experience multi-stress loadings in accelerated tests. It is difficult to collect those data using traditional statistical and experimental methods due to the requirements of long-duration test time and large numbers of test samples. ALTs use accelerated stress for product life testing to shorten testing time, enhance testing efficiency, and reduce testing cost. Using accelerated testing, a product's weaknesses can be identified, and the product's reliability can be improved. Constant-stress ALTs are usually conducted throughout the entire test duration. To yield failure in a much shorter experimental time, other loading types in ALTs are considered, including step-stress, sequential-stress or ramp-stress and multi-stress methods, as shown in Figure 1 . Thus, the following question is raised:
Can we propose an equivalent optimum ALT design that considers both efficiency and accuracy?
Equivalent optimum design of ALTs is based on traditional experimental optimization design methods. In the field of experimental optimization design, most scholars focus on optimizations of evaluation accuracy and use that criterion to minimize the asymptotic variance of the maximum likelihood estimate (MLE) of the function of lifetime parameters [1] . In addition, certain scholars have resorted to the information extraction concept, which is based on maximizing the determinant of the Fisher information matrix. The optimal design of constant-stress ALTs has been widely investigated in a number of studies. Chernoff first discussed the simple exponential distribution and examined cases of optimal design problems with two stress levels [2] . Kielpinski and Nelson [3] , Meeker [4] , Escobar and Meeker [5] , Feng [6] and Wang et al. [7] performed research on constant-stress ALT design. However, with the continuous progress of technology, the limitations of constant-stress accelerated life testing have been gradually exposed.
Step-stress and progressive-stress tests overcome the problem of the difficulty in obtaining failure data under the lowstress levels of constant-stress ALTs. Both of these types of tests can be improved in terms of test efficiency and failure data acquisition. Based on the assumption of linear cumulative damage, the experimental design scheme can be applied with the minimum variance as the optimization target. For the step-stress ALT plan, if the stress level of the test consists of only two levels, it is known as a simple-step stress test. Miller and Nelson [8] , Bai and Kim [9] , and Alhadeed and Yang [10] developed optimal step-stress ALT (SSALT) plans under different lifetime distribution assumptions. Yuan et al. [11] proposed Bayesian methods for planning an optimal simple SSALT for a situation in which the model parameters were uncertain. Liu and Ge [12] studied the design of the k-stress level in the exponential distributions of competing products. Wang et al. [13] compared the efficiency of step-up and step-down ALTs for four criteria using Monte Carlo simulations. In more recent research efforts on SSALT, a step-stress accelerated life testing model was presented to obtain the optimal holding time at which the stress level was changed [14] . Liu and Qiu [15] presented a method for planning multiple-step SSALT with statistically independent competing risks. A method for optimizing the design of a multiple-crossed step-down stress ALT based on Monte Carlo simulation has been proposed [16] . Constantstress and step-stress ALTs are considered with exponential failure data under a time constraint and a constraint whereby the total experimental cost does not exceed a pre-specified budget [17] .
Few research studies have been undertaken recently on the optimal design of ramp-stress tests. The continuous variations in stress make it necessary to integrate the process of life conversion, thus increasing solution difficulty. The main body of research has focused on the simple gradient test in which stress increases linearly with time. Bai et al. [18] reported on the optimal design of a simple test gradient belonging to the Weibull distribution. The optimal design method for simple gradient tests using the log-normal distribution was studied by Ma and Ge [19] . Srivastava and Mittal [20] addressed the formulation of optimum multi-objective ramp-stress ALT plans with upper stress bounds for the Burr Type XII distribution under Type I censoring. Srivastava and Sharma [21] formulated an optimum time-censored acceptance sampling plan based on a ramp-stress ALT for items with a log-logistic life distribution.
To answer the question of whether ALT plans involving different stress loadings can be equivalent, Liao and Elsayed [22] defined equivalent test plan and proposed the method of equivalent optimal design. Hu et al. [23] obtained equivalent step-stress ALTs with distributions of log-location-scale lifetimes under Type I censoring. Those researchers made use of the statistical equivalency and optimality of simple step-stress accelerated testing plans for the exponential distribution. Zhang and Liao [24] designed an energy-efficient ALT based on the statistical equivalent. Based on the proportional hazard model, Huang's equivalent design of the ALT was applied in that equivalent model, and the testing time was greatly reduced by the step-stress test [25] . However, two problems remain that require improvement. First, the current definition of equivalence is based only on the asymptotic variance in the experimental design. The maximum criterion of the Fisher matrix in the experiment optimization design is still worth considering. Second, the existing equivalent optimization model is difficult to solve.
In this paper, we propose the Fisher information matrix determinant as the equivalent feature variable. The previous D-optimal considers whether the determinant values for the two trial schemes are equal or unequal. D-efficiency is a new measure based on D-optimal, which is measured using the ratio of the Fisher information matrix determinant. It can measure the proximity of two test plans with regard to the extent of information utilization and is applied to establish a new equivalent experimental design model. In addition, it is applied to compare the equivalent degree of the equivalent ramp-stress test and CSALT with a view to engineering applications. Numerical examples are presented to demonstrate the method. The results show that our design scheme not only VOLUME 5, 2017 ensured the same estimation accuracy as the original test but also effectively shortened testing time and cost.
II. MATERIALS AND METHODS

A. ASSUMPTIONS AND BASIC FORMULATION
1. We assume that the product failure distribution follows a two-parameter Weibull distribution. The cumulative distribution function (CDF) and probability density function (PDF) of the product are as follows:
where m is a scale parameter, and η is a position parameter. The types of life distributions at different stress levels are the same. 2. The relationship between η and the stress can be expressed as a life-stress model η = g(S; θ ) for a stress level S (possibly transformed), where θ is the vector of parameters. By transformation, this model can be expressed as a linear
θ i S i . Two-stress ALTs are always applied in engineering; therefore, we present the derivation process and result using the two-stress acceleration model
3. Nelson's cumulative damage hypothesis is also required in the case of step-stress and ramp-stress accelerated life testing.
4. Test units in ALT are independent and subject to single Type I censoring with censoring time t c .
Let t ji be the failure time of test unit i, which might fail at Z j , where Z j is the corresponding stress level j at the time of failure. However, it might not experience failure until censoring time t c . Under Type I censoring, the log-likelihood function of ALT data obtained under a specific set of stress loadings can be generally expressed as
where I qji is a function used to judge whether unit I is in the test, and I ji is also an indication function. Let I ji = 1 if unit ifails at Z j and I ji = 0 otherwise. Furthermore, N is the number of test units, and is the vector of model parameters containing parameters in the life-stress relationship after the normalization procedure [22] . Under these conditions, the information matrix associated with the accelerated life testing scheme can be expressed as
The asymptotic distribution of the model parameter estimations follows the multivariate normal distribution with a PDF of MVN ( , ˆ ), and the variance-covariance matrix can be obtained from the information matrix F. Thus, we obtain the asymptotic variance:
As
When the model (life distribution model and acceleration model) is known, the model parameter can be estimated from a priori information and engineering experience. The accuracy of the life expectancy or reliability index prediction under normal stress is always chosen as the objective of the ALT optimum design model. For equivalent design, researchers usually select the asymptotic variance of the parameter estimation as the equivalent feature variable.
B. DEFINITIONS OF EQUIVALENT FEATURE VARIABLE
To meet the requirement for designing the optimal ALT plan if the stress loading is not specified beforehand, Liao and Elsayed [22] proposed four equivalent experimental design definitions based on statistical equivalence (SE). If X and Y are two variance-covariance matrices of the ALT plan with P parameter variables, four equivalent definitions are given based on the variance-covariance matrix. α θ =
T is given by Equation (5).
They can be explained as the prediction accuracy of the reliability or life expectancy of the product under normal stress. This equivalent method is primarily based on the asymptotic variance (or mean square error, for example) of the parameters under normal stress. However, many articles have focused on the objective of maximizing the value of the information matrix determinant, including the work of Ng et al. [1] , Escobar and Meeker [5] , Li [26] , and Xu [27] . We believe that maximizing the value of the information matrix determinant can also be used to measure the equivalent test program. Therefore, we consider a new definition for the equivalent feature variable, i.e., if the Fisher information matrix determinants are equal for two test schemes, we say that the two test schemes are equivalent. In other words, if X = Y , it is known that the two test schemes are equivalent. These two determinant values are equal, and the determinant can be used to measure the size of the matrix. This result can be deduced from the deterministic values of the determinant of the two Fisher matrices, and the Fisher information matrix and the covariance matrix are reciprocal. Thus, the two variance-covariance matrices are also equal. The variance-covariance matrix is used to measure the accuracies of the unknown parameters of the model. In this case, the errors of the two test schemes are equal.
|M | In the above equations, L is the asymptotic variance, X is a vector of estimated parameters, C is the variance-covariance matrix, and M is the Fisher matrix, which is the inverse of C. From the formula, we observe that L is directly proportional to the variance-covariance matrix determinant, and it is also directly proportional to the determinant value of the Fisher information matrix.
The definition and geometrical meaning of equivalent feature variable are described in Appendix C.
C. DEFINITIONS Of Equivalent Criterion Based ON D-EFFICIENCY AND ASYMPTOTIC VARIANCE
We select the determinant value of the Fisher matrix as a measure of the test plan. The equivalent principle is the equality of the determinant values. We must consider whether the index is absolutely equivalent or not. In the process of solving this optimization problem, we might obtain an extreme point (the red point shown in Figure 2 ), but this means that it is difficult to obtain the optimal result in the solution process. Can we propose a new principle to measure the degree of equivalency that the tests can also meet the demands of accuracy?
Based on experimental statistics theory, the fitting degree determines whether the uniform orthogonal design meets the requirements. The D-efficiency is used to measure the degree of equivalency.
The baseline ALT plan D 0 is the equivalent object of the proposed optimal test design plan D, and their information matrices are M 0 and M respectively. The ratio of the determinants of the two information matrices is the D-efficiency, or τ = |M | |M 0 | . Thus, C is the variance-covariance matrix, and M is the Fisher information matrix, which is the inverse of C.
Therefore, the equivalent degree based on the equivalent feature variable can be measured by the D-efficiency τ and can be reflected by the asymptotic variance, which is equal to the test accuracy. In the optimization method proposed in this paper, in order to design an efficient ramp-stress test method, we need to find a ramp-stress test plan that can be closely equivalent to the baseline test plan. It is not required to be superior to the baseline plan, so 0 < τ ≤ 1.
The top two graphs in Figure 2 show the absolute equal equivalent. The optimal solution occurs at the red point but was difficult to obtain. The lower two graphs show the equivalent combined with the D-efficiency. In that case, the results can be easily obtained for the relaxed conditions, as indicated by the contour lines. In contrast, it is clear that the D-efficiency has a higher applicability.
If we set the D-efficiency τ = 0.95, which is |M | |M 0 | = τ = 0.95, the two test programs are equivalent, and the degree of equivalence is 0.95.
However, the D-efficiency cannot be determined easily, and thus the D-efficiency becomes one of the optimization variables. In addition, the D-efficiency cannot be particularly small. To ensure the accuracy of the test, the asymptotic variance (which can be obtained using (5) in the test plan) becomes the constraint condition. We provide a new definition of equivalence, which is based on the D-efficiency and the asymptotic variance.
Definition of the equivalent criterion based on D-efficiency and asymptotic variance: For a given ALT plan, we can solve the optimal model to obtain an equivalent plan using the determinants as in τ = |M | |M 0 | . Every time we determine a D-efficiency τ , we obtain an equivalent plan and calculate its asymptotic variance. During the entire solution process, τ is decremented from 1, and if the calculated asymptotic variance exceeds the preset accuracy limit, the solution process terminates. The last D-efficiency τ d is the result sought. The equivalent plan based on τ d is equivalent to the given plan, and the equivalent measure is τ d . The process can be expressed as shown in Figure 3 .
III. EQUIVALENT OPTIMUM DESIGN METHOD
In our research, the constant-stress ALT is equivalent to an optimally designed ramp-stress ALT; thus, we seek to obtain the multi-stress statistical model of the ramp-stress ALT. We can calculate the Fisher information matrices M 0 and M via Equation (3) . For the baseline test plan, we can obtain the Fisher information matrix determinant |M 0 |. The Fisher information matrix determinant |M | of the equivalent optimal design plan can be obtained from the D-efficiency, |M | = τ |M 0 |. Furthermore, the parameters of |M | can be obtained. The maximum likelihood estimation of the Weibull distribution of the ramp-stress ALT can be obtained.
The cumulative failure probability with two-stress acceleration model is
When combined with the cumulative damage theory (Appendix A), we obtain
The PDF is obtained as
Let λ = ln c(t), w =
In Equations (7)- (13), the parameters β 0 , β 1 , and β 2 can be represented as functions of parameters θ 0 , θ 1 , and θ 2 , as shown in detail in Appendix A.
The log-likelihood function is
. (14) If the product has not failed when the test is finished, the log-likelihood function is
We define I = 1 t ≤ t η 0 t > t η , and
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The Fisher information matrix is obtained using Equations (17) and (18) .
where θ i and θ j represent the parameters to be estimated. Appendix B describes each element expression in the Fisher information matrix. In the equivalent optimal test,ξ x1 andξ y1 should be estimated. If the optimization objective is to minimize the test censored time t c , the sampling number N s of the optimum design plan must be the same as that of the baseline plan N B . The optimal result t c must be less than the baseline test time t cb . The Fisher information matrix determinant |M 0 | of the baseline plan and D-efficiency τ are combined as the constraints. The stress loading slope k must be less than the pre-set limit k U . The lowest stress level Z L composed by ξ x 1 ξ y 1 is the design variable. Therefore, we obtain the optimal design model as follows:
Z L is ξ x 1 ξ y 1 Both stress levels increase simultaneously
The solution process consists of two layers. The outer layer is a cyclic solution for τ . When τ is given in each outer cycle, the inner loop is created. The inner loop is an optimization model for the equivalent design with a given τ , thus, an optimization scheme can be obtained. If the asymptotic variance of the inner loop Avar is larger than the pre-set accuracy limit A p (It can be obtained from the asymptotic variance of the baseline test, and we suggest that it is 1.5 times the asymptotic variance of the baseline test plan.), the inner loop is halted. After decrementing τ , the optimal design process proceeds.
IV. CASE STUDY
In this section, a five-level constant-stress ALT plan is applied as the baseline test for an electronic device in high-speed railway. The main stresses to the device are temperature and vibration, and the lifetime follows the Weibull distribution. The Fisher matrix determinant of the baseline test plan was 3.8177208e + 08. The constant-stress ALT plan and the corresponding Fisher matrix determinants were presented in a study by Sun and Chen [28] . The normal stress level of the product was T 0 = 25 • C, V 0 = 0.06g 2 /Hz. To ensure that the failure mechanism was consistent during the test process, we obtained the maximum stress levels of the product from the enhancement test, which are T h = 158 • C, and V h = 1g 2 /Hz. In the experiment, we standardized the stress levels of the
Algorithm 1 The Equivalent Optimal Design Process Based on D-Efficiency and Asymptotic
Both stress levels increase simultaneously
while Avar > A p break end test, and the results were x 0 = 3.354, y 0 = −2.8134, and x h = 2.3193, y h = 0. Fifty hours were required to determine the censored test time. The test samples were selected based on the limitation of cost; therefore, n = 25. Certain parameters (θ 0 , θ 1 , θ 2 , and δ) in the experimental optimization design model could be estimated based on the baseline test, which are regarded as a priori information on the optimization design. The estimated results wereθ 0 = −4.1124, θ 1 = 2.8807,θ 2 = −0.1082 andδ = 0.2298. The pre-set accuracy limit was set to A p = 80. The parameters applied in the test design are listed in Table 1 . The design variables of the test included the lowest stress level, x l , y l . By applying the above method (19) , the equivalent optimal design plan of the ramp-stress accelerated test could be obtained based on the given baseline test. We used the genetic algorithm to solve the optimization problem by utilizing the tools in MATLAB. When the D-efficiency τ was reduced from 1 to 0.3, the censored time, which was the optimization target, decreased from 40 to approximately 3; however, in the vicinity of 0.8, an obvious and steep decrease occurred. At the same time, the D-efficiencies for all the points were calculated to obtain the asymptotic variance (Avar), which showed a significant increasing trend, exceeding the pre-set A P after τ = 0.6. Therefore, when the inequality constraints of the D-efficiency were in the range 0.6 to 0.8, the optimal objective function obtained was small. This result ensured that the parameter estimation of asymptotic variance was not greatly improved to ensure the accuracy of the estimation. This observation is consistent with our previous inference. In this example, we should select a D-efficiency of 0.8 to ensure improved test efficiencies and accuracies of life assessments.
During the analysis, τ = 0.8 in the test was identified as our D-efficiency, and thus we were able to obtain the corresponding equivalent optimization results, including the censored time and the lowest stress loading. The results are shown in Table 2 and Figure 5 .
The optimization results for the lowest stress level were x l = 2.51379, and y l = −1.11. The corresponding temperature and vibration values were T l = 124.66 • , and V l = 0.3296g 2 /Hz. The asymptotic variance of the median life expectancy at the design stress level was 68.92. The calculated determinant value of the corresponding Fisher matrix was 3.05417664e+08. Notably, the test time was greatly reduced-from 50 hours to 3.12 hours-a decrease of 93.7%, even though the sample size remained 25. That significant reduction indicates an obvious effect due to the equivalent design.
In addition, we can choose a higher D-efficiency to improve accuracy, but efficiency is bound to decrease. For comparison, we extracted the result calculated at a Defficiency of 0.95, the results of which are shown in Table 3 and Figure 6 . In Figure 6 , the optimal test scheme is obtained with the shortest truncation time. The test time was greatly reduced from 50 hours to 30.55 hours-a decrease of 38.9%. The results are shown in Table 3 and Figure 6 .
A sensitivity analysis of the prior information parameter was undertaken. The parameters θ 0 , θ 1 , θ 2 and δ were changed over ranges of [-20%, 20%] , and the corresponding optimized target value t c was adopted. The amount of change in the optimization target value was identified as t = t c − t c0 t c0 , where t c0 was the original optimized target value without misspecifications of the input parameters, and t c0 = 30.55. The sensitivity analysis results are shown in Table 4 and Figure 7 . The underlined data in Table 4 are the corresponding values of t with respect to the misspecifications of the input parameters θ 0 , θ 1 , θ 2 , and δ. The results of the sensitivity analysis shown in Figure 7 demonstrate that the parameters had no trend influences on optimal censored time. The optimal results were insensitive to the misspecifications of the input parameters, thus demonstrating good robustness.
V. CONCLUSIONS AND FUTURE WORK
In this paper, we considered the equivalency of ALT plans involving different stress loadings. We established a model for an equivalent ALT plan based on the Fisher information matrix determinant and D-efficiency. The D-efficiency was proposed to measure the degree of equivalence; thus, we established a method employing D-efficiency to obtain the equivalent optimum design plan for an ALT. Finally, we presented a strong example. This approach makes it possible to flexibly choose a stress loading mode in a future ALT plan design. A simple sequence of multiple stresses was also considered, a topic that is worth further study.
If multi-stress conditions are considered, the ramp-stress test has a notably high efficiency, but it is difficult to analyze and implement test statistics because the loading modes of the stress are numerous and varied. Therefore, the determination of an equivalent design is interesting and challenging. In addition, many products do not easily fail but show remarkable degeneration, so the equivalent design plan of an accelerated degradation test is also a direction for future research. 
